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ABSTRACT 3y3/ 
The e f f e c t s  of nonadd i t ive  three-body forces on t h e  
t h i r d  v i r i a l  c o e f f i c i e n t  C(T) a r e  examined. C o r r e c t i o n s  t o  
t h e  d i s p e r s i o n  and r e p u l s i o n  p a i r  p o t e n t i a l s  are t aken ,  
r e s p e c t i v e l y ,  from th i rd-order  p e r t u r b a t i o n  theo ry  wi thou t  
exchange ( t r i p l e - d i p o l e )  and Srom first-order p e r t u r b a t i o n  
theo ry  w i t h  exchange. The r e p u l s i o n  is examined f o r  two 
s p e c i a l i z e d  models, a one-e lec t ron  Gaussian model and a n  
e lectrostat ic  d i s t o r t i o n  model. The r e s u l t s  f o r  t he  non- 
a d d i t i v i t y  are shown t o  agree reasonably  w e l l  w i t h  t h e  quantum- 
mechanical r e s u l t s  on one- and two-e lec t ron  atoms. The magnitudes 
of t h e  c o r r e c t i o n s  t o  t h e  r e p u l s i o n  and d i s p e r s i o n  e n e r g i e s  
are of comparable magnitude but  o p p o s i t e  s i g n  f o r  t h e  r anges  
of i n t e r a t o m i c  s e p a r a t i o n s  of i n t e r e s t .  S i m i l a r l y ,  t h e  c o r r e c t i o n  
t o  C(T) f o r  r e p u l s i o n  n o n a d d i t i v i t y  is of o p p o s i t e  s i g n  bu t  
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comparable  magnitude t o  t h a t  f o r  d i s p e r s i o n  n o n a d d i t i v i t y  i n  
t h e  t empera tu re  r ange  of i n t e r e s t ,  The n e t  c o r r e c t i o n ,  however, 
is of expe r imen ta l  s i g n i f i c a n c e ,  and i t  is sugges t ed  t h a t  care- 
f u l  expe r imen t s  n e a r  t h e  maximum i n  C(T) would be u s e f u l .  The 
n e t  c o r r e c t i o n  t o  C(T) is u n f o r t u n a t e l y  s e n s i t i v e  t o  t h e  choice 
of t h e  p a i r  p o t e n t i a l  model, s o  t h a t  advances i n  knowledge of 
three-body forces from C(T) w i l l  p robably  depend on improvements 
f i r s t  b e i n g  made i n  knowledge of two-body f o r c e s .  
f 
I INTRODUCTION 
One of t h e  f a v o r i t e  s i m p l i f y i n g  assumptions of molecular  
p h y s i c s  is t h e  p a i r w i s e  a d d i t i v i t y  of t h e  i n t e r m o l e c u l a r  p o t e n t i a l ,  
Although the nonadd i t ive  effects are o f t e n  s m a l l ,  it has  been 
known for  s o m e  t i m e  t h a t  i n t e r e s t i n g  phenomena are under  t h e i r  
c o n t r o l ;  f o r  example, polymorphism i n  t h e  so l id  state.  
C r y s t a l  p r o p e r t i e s ,  however, are n o t  w e l l  s u i t e d  f o r  t h e  s t u d y  
of nonadd i t ive  effects, because s o  many a t o m s  or  molecules  
i n t e r a c t  s imul taneous ly  tha t  t h e  problem becomes very  complicated.  
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The t h i r d  v i r i a l  c o e f f i c i e n t ,  on t h e  o ther  hand, 
p r e s e n t s  a t h e o r e t i c a l l y  s imple  and expe r imen ta l ly  accessible 
p r o p e r t y  which depends on no m o r e  t h a n  the  three-body i n t e r a c t i o n .  
I t  is perhaps  t h e  s i m p l e s t  case i n  which n o n a d d i t i v i t y  might  
be s t u d i e d .  Previous  i n v e s t i g a t o r s  have examined t h e  n o n a d d i t i v i t y  
of t h e  long-range d i s p e r s i o n  forces, 2-5 and its effect on t h e  
t h i r d  v i r i a l  c o e f f i c i e n t .  '-' 
of n o n a d d i t i v i t y  of t h e  shor t - range  r e p u l s i v e  forces on the  
t h i r d  v i r i a l  c o e f f i c i e n t  has  y e t  been made, b u t  a n  i n d i c a t i o n  
h a s  been given t h a t  t h e  effects are not  n e g l i g i b l e .  
No comparable s tudy  of t h e  effect 
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I t  is t h e  purpose of t h i s  paper  t o  i n v e s t i g a t e  t h e  
i n f l u e n c e  of t h e  three-body n o n a d d i t i v i t y  of t h e  r e p u l s i v e  forces 
on t h e  classical t h i r d  v i r i a l  c o e f f i c i e n t .  
I n  t h e  fo l lowing  s e c t i o n s  w e  f i r s t  c o n s i d e r  t h e  theo ry  
of three-body forces f o r  t h e  purpose of f o r m u l a t i n g  a r e a s o n a b l e  
model fo r  t h e  i n t e r a c t i o n  of three atoms which i n c l u d e s  non- 
a d d i t i v e  c o n t r i b u t i o n s  from both t h e  a t t r a c t i v e  and t h e  r e p u l s i v e  
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components. W e  t hen  u s e  t h e  model t o  s tudy  t h e  behavior  of t h e  
t h i r d  v i r i a l  c o e f f i c i e n t  as  t h e  components and parameters  of t h e  
model are v a r i e d .  S t  is found t h a t  t h e  effects upon t h e  t h i r d  
v i r i a l  c o e f f i c i e n t  due t o  a t t r a c t i v e  and r e p u l s i v e  n o n a d d i t i v i t y  
are of comparable magnitude b u t  oppos i t e  s i g n  i n  t h e  tempera ture  
r ange  of i n t e r e s t .  Furthermore,  t h e  r e s u l t s  are s e n s i t i v e  t o  t h e  
f o r m  assumed for  t h e  two-body p o t e n t i a l .  
I I. INTERMOLECULAR POTENTIAL MODEL 
It is w e l l  t o  mention at t h e  o u t s e t  t h a t  t h e  p o t e n t i a l s  
used i n  molecular  p h y s i c s ,  even under t h e  assumption of p a i r w i s e  
a d d i t i v i t y ,  are r e a l l y  only  models whose connec t ion  w i t h  funda- 
mental  t h e o r y  is s o m e w h a t  d i s t a n t .  I n  p a r t i c u l a r ,  t h e  long- 
range  p a i r  p o t e n t i a l  is borrowed from second-order p e r t u r b a t i o n  
t h e o r y  wi thou t  exchange, and t h e  shor t - r ange  r e p u l s i v e  p a r t  of 
the p a i r  p o t e n t i a l  is borrowed f r o m  f i r s t - o r d e r  p e r t u r b a t i o n  
t h e o r y  w i t h  exchange. Terms a r i s i n g  f r o m  second-order p e r t u r b a t i o n  
theo ry  w i t h  exchange are commonly ignored ,  even though they  
are probably  no t  n e g l i g i b l e  e Various  s i n s  of omission and 
commission of t h i s  t y p e  are hope fu l ly  compensated by t h e  u s e  of 
a d j u s t a b l e  parameters i n  t h e  model. 
I t  has  been customary i n  computing nonadd i t ive  c o r r e c t i o n s  
t o  the t h i r d  v i r i a l  coeff ic ient  due t o  t h e  long-range p o t e n t i a l  t o  
i n c l u d e  only  t h e  so-called t r i p l e - d i p o l e  t e r m  i n  t h e  p o t e n t i a l .  
This cor re sponds  t o  a third-order p e r t u r b a t i o n  c a l c u l a t i o n  wi thou t  
exchange. W e  propose t o  i n v e s t i g a t e  t h e  sho r t - r ange  p o t e n t i a l  t o  
6-9 
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o b t a i n  t h e  n o n a d d i t i v e  c o r r e c t i o n  co r re spond ing  t o  a first- 
order c a l c u l a t i o n  w i t h  exchange. Terms i n v o l v i n g  second-order 
exchange are ignored ,  j u s t  as i n  models of t h e  p a i r  p o t e n t i a l ,  
s o  t h a t  w e  w r i t e  t h e  t o t a l  p o t e n t i a l  cp as 
cp qrep + 
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and cp are t h e  f irst-order s h o r t - r a n g e  r e p u l s i o n  d i s  w h e r e  Q, 
energy  and the  second-order long-range d i s p e r s i o n  energy ,  
r e s p e c t i v e l y ,  and A p and '9dis are t h e  n o n a d d i t i v e  c o n t r i b u -  
t i o n s ,  Many t e r m s  have been omitted from E q . ( l ) ;  t o  be 
c o n s i s t e n t ,  t h e  e q u a t i o n  shou ld  probably  i n c l u d e  a l l  t e r m s  
through a third-order  three-body exchange t e r m .  l4 
t h e  t e r m s  i nc luded  do g i v e  t h e  c o r r e c t  a s y m p t o t i c  behav io r  
a t  v e r y  s m a l l  and very  large s e p a r a t i o n s .  Most of t h e  omitted 
t e r m s  p robably  make t h e i r  main c o n t r i b u t i o n s  a t  i n t e r m e d i a t e  
s e p a r a t i o n s ,  and t h i s  c a n  perhaps  be a l lowed for by t h e  u s e  of 
a d j u s t a b l e  pa rame te r s .  I n  any e v e n t ,  it does n o t  s e e m  c o n s i s t e n t  
t o  i n c l u d e  second-order  exchange t e r m s  i n  t h e  n o n a d d i t i v e  p a r t  
o f  t he  p o t e n t i a l  u n l e s s  co r re spond ing  t e r m s  are inc luded  i n  t h e  
r e p  
N e v e r t h e l e s s ,  
p a i r  p o t e n t i a l .  
The n o n a d d i t i v e  second-order exchange ene rgy  a p p e a f s  t o  
p l a y  a d e c i s i v e  role  i n  t h e  d e t e r m i n a t i o n  of t h e  r e l a t i v e  s t a b i l i t y  
of t h e  rare gas c r y s t a l s ,  l5 whereas t h e  a d d i t i v e  second-order  
exchange energy  does n o t .  T h i s  cannot  be c o n s t r u e d  as a n  
argument t o  i n c l u d e  such  nonadd i t ive  t e r m s  i n  t h e  p r e s e n t  model, 
however, which  is des igned  f o r  t h e  s t u d y  of t h e  t h i r d  v i r i a l  
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c o e f f i c i e n t .  The reason is t h a t  i t  is on ly  t h e  r e l a t i v e  
c r y s t a l  s t a b i l i t y  which h a s  been i n v e s t i g a t e d ,  and t h i s  depends 
e x p l i c i t l y  on t h e  a n g u l a r  dependence of t h e  n o n a d d i t i v e  second- 
o r d e r  exchange energy ,  t h e  a d d i t i v e  part  c o n t r i b u t i n g  e s s e n t i a l l y  
e q u a l l y  t o  t h e  e n e r g i e s  of  bo th  t h e  hexagonal  close-packed 
and t h e  f ace -cen te red  c u b i c  s t r u c t u r e s .  If t h e  a b s o l u t e  v a l u e  
of  t h e  l a t t i ce  energy  w e r e  t o  be c a l c u l a t e d ,  t h e n  it would 
be i n c o n s i s t e n t  t o  i n c l u d e  t h e  nonadd i t ive  c o n t r i b u t i o n  wi thou t  
t h e  a d d i t i v e  c o n t r i b u t i o n  as w e l l ,  j u s t  as i n  t h e  case of the  
t h i r d  v i r i a l  c o e f f i c i e n t .  
A.  Dispe r s ion  Energy 
W e  now b r i e f l y  rev iew t h e  t h e o r y  of t h e  d i s p e r s i o n  energy  
fo r  later use .  T h i s  energy  c a n  be computed e i t k r  by a f u l l  
quantum-mechanical t r e a t m e n t  or by t h e  u s e  o f  a simple s e m i -  
c lass ical  p i c t u r e  of  p o l a r i z a b l e  o s c i l l a t o r s .  I n  t h e  l a t te r  
t r e a t m e n t  each atom is p i c t u r e d  as  a n  o s c i l l a t i n g  d i p o l e  wh ich  
induces  a n  i n s t a n t a n e o u s  d i p o l e  i n  its ne ighbor ,  and when 
averaged  ove r  t i m e  t h i s  mechanism leads t o  a n e t  a t t r a c t i o n  of 
t h e  form 
where C is a c o n s t a n t  and R is t h e  i n t e r a t o m i c  s e p a r a t i o n .  
When three atoms are c o n s i d e r e d ,  t h e  induced d i p o l e s  on t h e  t w o  
ne ighbors  i n t e r a c t  w i t h  one a n o t h e r  and produce a n o n a d d i t i v e  
h 5 
c o n t r i b u t i o n  of t h e  form 
where Ri j  r e p r e s e n t s  t h e  s e p a r a t i o n  of atoms - i and d y  and e l ,  
e2$ and Q3 are t h e  i n t e r i o r  a n g l e s  of t h e  t r i a n g l e  def ined  by 
t h e  three atoms. Expressionsof  t h e  same f o r m  as Eqs.(2) and (3) 
are ob ta ined  f r o m  t h e  quantum-mechanical t r e a t m e n t .  
I t  is clear t h a t  a r e l a t i o n  should  e x i s t  between v and C 
i n  terms of t h e  p r o p e r t i e s  of t h e  atoms, The s imple  semiclassical 
p i c t u r e  does no t  g i v e  t h i s  r e l a t i o n  very  a c c u r a t e l y , "  bu t  a 
quantum-mechanical t r e a t m e n t  y i e l d s  t h e  r e s u l t ,  3Y6 
3 v = 7 a C ,  
where  a is t h e  atomic p o l a r i z a b i l i t y .  
B. Repulsion Energy 
(4) 
A complete quantum-mechanical c a l c u l a , i o n  of t h e  
r e p u l s i o n  energy n o n a d d i t i v i t y  is ve ry  d i f f i c u l t ,  and c a l c u l a t i o n s  
have been carried o u t  on ly  f o r  one- and two-e lec t ron  atoms. 
W e  therefore p a s s  immediately t o  s i m p l i f i e d  p i c t u r e s  f o r  t h i s  
i n t e r a c t  ion.  
17-19 
1. One-Electron Gaussian Model 
Jansen  14' l5 has shown how t h e  quantum-mechanical r e s u l t s  
f o r  one -e l ec t ron  atoms can  be extended t o  many-electron atoms w i t h  
6 
c l o s e d  she l l s ,  by means of a n  e f f e c t i v e  one -e l ec t ron  model 
w i t h  a Gaussian charge  d i s t r i b u t i o n .  The problem is t h e n  t h e  same 
as f o r  three hydrogen atoms w i t h  p a r a l l e l  e lectron s p i n s ,  having  
atomic wave f u n c t i o n s  of t h e  form 
where ,f3 is a n  a d j u s t a b l e  parameter and r is t h e  d i s t a n c e  of an  
e l e c t r o n  f r o m  its nucleus .  Jansen ob ta ined  a n  e x p l i c i t  e x p r e s s i o n  
for t h e  f i r s t -order  i n t e r a c t i o n  energy of a three-atom system 
i n  a n  a r b i t r a r y  c o n f i g u r a t i o n .  The Gaussian model is a p p e a l i n g  
because a l l  t h e  necessary  two-and t h r e e - c e n t e r  molecular  i n t e g r a l s  
Even so,  t h e  f i n a l  r e s u l t  20 can be e v a l u a t e d  i n  c l o s e d  f o r m .  
is v e r y  cumbersome and w i l l  no t  be given  here. A m o r e  u s e f u l  
r e s u l t  can  be ob ta ined  by a n  asymptot ic  expansion of J a n s e n ' s  
e x p r e s s i o n  fo r  t h e  case of a n e a r - e q u i l a t e r a l  t r i a n g l e  w i t h  
f a i r l y  l a r g e  i n t e r a t o m i c  s e p a r a t i o n s .  The l e a d i n g  t e r m  of t h e  
n o n a d d i t i v e  energy is 
-1 -1 -1 
+ R  - '9 r e p  - - '12 '13 '23 [R1(23) + R2(13) 3(12) 
where  A i j  is t h e  o v e r l a p  i n t e g r a l ,  
2 ' i j  = exP (- P Rij2/4) , 
is t h e  d i s t a n c e  between atoms - i and A, and Ri(jk) is t h e  Ri j 
4 
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d i s t a n c e  between atom - i and t h e  midpoint of t h e  l i n e  j o i n i n g  atoms 
2 and - k. In these express ions ,  a l l  d i s t a n c e s  are measured i n  
u n i t s  of t h e  Bohr r a d i u s  ao, and the  energy is given i n  atomic 
u n i t s ,  e /ao. 2 
Equat ion (6) g i v e s  an  accurate r e p r e s e n t a t i o n  of Jansen’s  
f u l l  express ion  fo r  n e a r l y  e q u i l a t e r a l  t r i a n g l e s  from large 
s e p a r a t i o n s  down t o  about 0 . 8 a ,  where CT is t h e  va lue  of t h e  sep- 
a r a t i o n  f o r  which t h e  pa i r  p o t e n t i a l  is zero ,  q ( o )  = O .  It is 
poorer  a t  smaller s e p a r a t i o n s ,  bu t  here t h e  nonaddi t ive effects 
are less important because of the  steep rise i n  t h e  p a i r  p o t e n t i a l .  
Furthermore, t h e  one-electron Gaussian model itself begins  t o  f a i l  
a t  small s e p a r a t i o n s ,  because of the  i n c r e a s i n g  importance of 
multiple-exchange effects. l4 Equation (6 )  a l s o  describes t h e  
shape dependence of t he  r e p u l s i v e  n o n a d d i t i v i t y  reasonably w e l l  
f o r  t r i a n g l e s  w i t h  no angle  larger than  100 deg. It f a i l s  badly 
f o r  n e a r l y  l i n e a r  i s o s c e l e s  t r i a n g l e s ,  however, because t h e  t e r m  
I 
~ 
I 
I 
I 
I 
I -’ d i v e r g e s  i n  t h e  asymptot ic  expansion. These shape effects I R3 (12) 
are i l l u s t r a t e d  i n  Fig. 1, which w a s  c a l c u l a t e d  a t  R i a  f o r  argon I 
( p  -0.33, pa= 2.1) . In t he  c a l c u l a t i o n s  of t h e  t h i r d  v i r i a l  ~ 
c o e f f i c i e n t  t o  follow, w e  s h a l l  argue t h a t  nea r - l i nea r  c o n f i g u r a t i o n s  
are r e l a t i v e l y  unimportant  i n  t h e  i n t e g r a t i o n  over  c o n f i g u r a t i o n a l  
phase space.  The r e p u l s i v e  nonadd i t iv i ty  f o r  such c o n f i g u r a t i o n s  
can  t h e r e f o r e  be roughly set equal  t o  zero, as shown b y . t h e  
dashed curve  i n  Fig.  1, w i t h  l i t t l e  effect  on t h e  i n t e g r a t i o n .  
I 
I 
I 
Equat ion (6) is s t i l l  n o t  in i ts  most u s e f u l  form, s ince  
it depends e x p l i c i t l y  and s e n s i t i v e l y  on t h e  Gaussian model. 
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I t  is b e t t e r  t o  u s e  t h e  Gaussian model only as a d e v i c e  fo r  
o b t a i n i n g  a r e l a t i o n  between Acp and t h e  p a i r  p o t e n t i a l .  I n  
o t h e r  words, t h e  ratioAcprep/cprep would be expec ted  t o  be less 
model -sens i t ive  t h a n  e i t h e r  4cp 
s i t u a t i o n  ex is t s  f o r  t h e  d i s p e r s i o n  energy,  and is summarized 
by Eq.(4) .  An expansion of t h e  f u l l  Gaussian model p a i r  
p o t e n t i a l  y i e l d s  a n  asymptot ic  r e s u l t  analogous t o  Eq. (6), 
r e p  
a lone .  Such a r e p  Or P r e p  
which is a good approximation t o  t h e  f u l l  Gaussian r e s u l t .  I t  
can  a l so  be used t o  p o i n t  o u t  a d e f e c t  i n  t h e  model; namely t h a t  
p a s s e s  through zero a t  p R z 3 . 5 ,  goes through a minimum, and 'prep 
t h e n  approaches zero asympto t i ca l ly  f r o m  below. Th i s  a t t r a c t i v e  
r e g i o n ,  s p u r i o u s  f r o m  t h e  p o i n t  of view of a f i r s t - o r d e r  parallel- 
s p i n  c a l c u l a t i o n ,  probably is a consequence of t h e  approximate 
wave f u n c t i o n  used. 
I n  t h e  r e g i o n  of most i n t e r e s t  f o r  v i r i a l  c o e f f i c i e n t  
c a l c u l a t i o n s ,  which t u r n s  o u t  t o  be 1 . 5 < P R < 2 . 5 ,  t h e  f a c t o r  i n  
b r a c k e t s  i n  Eq.(8) v a r i e s  on ly  from 1-7  t o  0 . 7 ,  so t h a t  it is a 
f a i r  approximation t o  r e w r i t e  Eq.(8) as 
As a q 
N A2 
'prep - R .  
i c k  check, f o r  eq 
(9) 
i la teral  t r i a n g l e s  Eqs. (6) and (9) y i e l d  
" p r e p  
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which r e v e a l s  a s imple  p r o p o r t i o n a l i t y  t o  t h e  o v e r l a p  i n t e g r a l .  
Rosen’’ found a s i m i l a r  p r o p o r t i o n a l i t y  i n  h i s  quantum-mechanical 
c a l c u l a t i o n s  f o r  t h r e e  helium atoms, i n  which hydrogenic  a tomic 
wave f u n c t i o n s  w e r e  used. 
The g e n e r a l  combination of Eqs.(6) and ( 9 )  y i e l d s  
4 
2 1 - 2  A ‘pre “p12’p13p23) (R ) g  ’ p r e p  (p12+p13c923) 12 13 23 
-1 -1 -1 -1 
LR1 (23) + R2 (13) + %3 (12) - R12 - Rii OR;:] ’ 
i n  which w e  have e l i m i n a t e d  a l l A i j  i n  f a v o r  of t h e  cor responding  
T i j  
w e  wish t o  u s e  t h e  Lennard-Jones 12-6 and 9-6 p a i r  p o t e n t i a l s ,  
by means of Eq. (9).  For o u r  v i r i a l  c o e f f i c i e n t  c a l c u l a t i o n s  
which are 
where  E: is t h e  dep th  of t h e  p o t e n t i a l  w e l l  and q(a )  = 0 .  
these potent ia ls  Eq.(11) t a k e s  t h e  forms 
- R;3-1 - R2;-l J ? * -1 * -1 * -1 * -1 1 R ~ ( 2 3 1 +  2 (13) + R3 (12) - *I2 
10 
9 (13 b) * -1 * -1 *-1 *-1- R;il ] R2(13) i- RJ(I.2) - R12 - R13 
* 
= R. . I 5  and €*is a dimens ionless  energy parameter ,  
where Rij  1J 
For comparison, t h e  cor responding  r e s u l t  for t h e  d i s p e r s i o n  
energy f o r  t h e s e  p a i r  p o t e n t i a l s  is 
where  
3 a* = a/a 
is a d imens ion le s s  p o l a r i z a b i l i t y  parameter .  
The accuracy of t h e  fo rego ing  e q u a t i o n s  can be a s s e s s e d  
by comparison w i t h  t h e  r e s u l t s  of complete quantum-mechanical 
c a l c u l a t i o n s .  Th i s  is done i n  Fig.2 for  t h e  case of t h r e e  hel ium 
atoms a r ranged  i n  a n  e q u i l a t e r a l  t r i a n g l e ,  f o r  which t h e  c a l c u l a -  
t i o n s  of Rosen17 are a v a i l a b l e .  Both Eq.(13a) and Eq.(13b) agree 
very  w e l l  w i t h  Rosen's c a l c u l a t i o n s  ; even Eq. (10) w i t h  ,B5 = 4.0 
a g r e e s  s u r p r i s i n g l y  w e l l  i n  view of t h e  r a t h e r  r u t h l e s s  
approximat ions  made. Also shown i n  Fig.2 are s o m e  r e s u l t s  fo r  an  
11 . 
electrostat ic  d i s t o r t i o n  model, which is d i scussed  i n  t h e  next  
sect ion.  
A s i m i l a r  comparison is shown f o r  helium, argon, and xenon 
a t  R = a  i n  Table  I. The d i s t o r t i o n  model is poor for helium, but  
works reasonably  w e l l  fo r  t h e  heav ie r  gases .  Also shown i n  
Table  I for comparison are t h e  va lues  of 
c a l c u l a t e d  from Eq.(15). They are oppos i t e  i n  s i g n  t o A p  /C 'preP 
bu t  of comparable magnitude, and change by about  t h e  s a m e  r a t i o  
i n  going f r o m  helium t o  argon t o  xenon. 
A'pdis/S qdiS as 
r e p  
W e  t u r n  now t o  a d e s c r i p t i o n  of t h e  d i s t o r t i o n  model and 
s o m e  d i s c u s s i o n  of its p r o p e r t i e s  and u t i l i t y .  
2. Electrostatic D i s t o r t i o n  Model 
The .motivat ion f o r  t h i s  model is t h e  Hellmann-Feynman 
e l e c t r o s t a t i c  theoremY2' which states t h a t  t h e  forces on the  
n u c l e i  of i n t e r a c t i n g  atoms are given c o r r e c t l y  by classical 
e l e c t r o s t a t i c s ,  provided t h e  correct e l e c t r o n  p r o b a b i l i t y  d i s t r i b u -  
t i o n  is known. The e l e c t r o n  d i s t r i b u t i o n  is of cour se  governed 
by quantum mechanics, no t  c l a s s i c a l  mechanics. The r e p u l s i o n  
between t w o  closed-shell  atoms at  small s e p a r a t i o n s  r e s u l t s  f r o m  
t h e  quantum-mechanical d i s t o r t i o n  of t h e  e lectron c louds  f r o m  
the i r  o r i g i n a l  spherical symmetry. This  d i s t o r t i o n  arises 
p r i m a r i l y  from t h e  P a u l i  exc lus ion  p r i n c i p l e .  
The a i m  of t h i s  s e c t i o n  is t o  concoct  a s imple model w h i c h  
w i l l  m i m i c  t h e  d i s t o r t i o n  of the  e l e c t r o n  c louds  and which  w i l l  
s t i l l  be mathematical ly  t r a c t a b l e .  Such a model can  then  be used 
12  
t o  calculate t h e  f u l l  t h r e e - b o d y  r e p u l s i v e  i n t e r a c t i o n  i n  t e r m s  
of two-body i n t e r a c t i o n s ,  j u s t  a s  t h e  model of p o l a r i z a b l e  
o s c i l l a t o r s  was used t o  c a l c u l a t e  t h e  three-body d i s p e r s i o n  
e n e r g y  i n  Sec.IIA. Reasonable r e s u l t s  can  be hoped fo r  i f  t h e  
model is used only  t o  c a l c u l a t e  r e l a t i o n s  among d i f f e r e n t  i n t e r -  
a c t i o n s ,  and not  t o  calculate any i n t e r a c t i o n  energy i n  a b s o l u t e  
t e r m s .  
The model w e  have  u s e d  cons iders  t h a t  t h e  P a u l i  
d i s t o r t i o n  d i s p l a c e s  t h e  centers of e l e c t r o n i c  charge  from t h e  
atomic n u c l e i ,  and t h a t  t h i s  d i s t o r t i o n  can be described i n  
f i r s t  order by an  e lectr ic  d ipo le .  The magnitudes and d i r e c t i o n s  
of t h e  d i p o l e s  on t h e  i n t e r a c t i n g  atoms are of c o u r s e  related to 
each o t h e r ,  b u t  t h e  re la t ion is compl ica ted  and has t o  be found 
by a d e t a i l e d  quantum-mechanical c a l c u l a t i o n  of t h e  charge 
d i s t r i b u t i o n .  T h i s  c a l c u l a t i o n  is avoided by u s i n g  t h e  model 
t o  s p e c i f y  t h e  d i s t o r t i o n  d i p o l e s .  I t  should  be noted t h a t  t h e  
s i t u a t i o n  is n o t  s t r i c t l y  analogous t o  t h e  d i p o l e  model fo r  t h e  
d i s p e r s i o n  f o r c e s ,  where  only  one d i p o l e  need be s p e c i f i e d  and 
t h e  o t h e r s  t h e n  fol low by electrostatic induc t ion .  H e r e  t h e  
problem is t o  de te rmine  t h e  o t h e r  d i p o l e s  when one d i p o l e  is 
s p e c i f i e d ,  w h i c h  can be done by making u s e  of t h e  known r e s u l t s  
f o r  p a i r  i n t e r a c t  i ons .  
Consider two i n t e r a c t i n g  atoms 1 and 2 a d i s t a n c e  R a p a r t ,  
w i t h  atom 1 having  a s p e c i f i e d  d i s t o r t i o n  d i p o l e  of magnitude ml 
a t  a n  a n g l e  y1 w i t h  r e s p e c t  t o  t h e  l i n e  of c e n t e r s ,  as shown i n  
Fig.3.  A cor re spond ing  d i p o l e  e x i s t s  i n  atom 2 of magnitude m2 
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and o r i e n t a t i o n  a n g l e  y2 related t o  y1 by 
where  CD is a n  unknown phase  ang le .  
t o  ml,  w i t h  t h e  p r o p o r t i o n a l i t y  factor  a f u n c t i o n  of R,  
W e  t a k e  m2 t o  be p r o p o r t i o n a l  
The i n t e r a c t i o n  energy  of two cop lana r  d i p o l e s  is 
s o  t h a t  t h e  ave rage  r e p u l s i v e  i n t e r a c t i o n  ene rgy  o f  atoms 1 
and 2,  o b t a i n e d  by a v e r a g i n g  y1 around 27~, is 
= - m f ( R ) R - 3  cos LD . ‘prep 2 1  
I n  o r d e r  t h a t  t h e  ene rgy  be r e p u l s i v e  w e  p i c k  n/2 < u <  3~r/2.  
I f  w e  now e q u a t e  t h i s  r e s u l t  t o  t h e  r e p u l s i v e  t e r m  of some 
e m p i r i c a l  pair  p o t e n t i a l ,  w e  c a n  de t e rmine  m and f (R). For 
1 
example, f o r  t h e  12-6 p o t e n t i a l  w e  c a n  w r i t e  
3 2 - 8 ~ a  m -  ¶ 
1 -3 cos w 
Some of  t h e  R dependence cou ld  have been p u t  i n t o  ml, b u t  t h i s  
c o m p l i c a t i o n  is not  needed. For t h e  9-6 p o t e n t i a l  w e  w r i t e  
3 2 9€0 - .. 
ml - -2 cos L D ’  
1 
i 
i 
~ 
I 
f (R) 
I t  w i l l  a lso be convenient  t o  t ake  u = n  . 
W e  can  now u s e  these r e s u l t s  t o  d i s c u s s  t h e  i n t e r a c t i o n  
of three atoms i n  a n  a r b i t r a r y  c o n f i g u r a t i o n ,  as shown i n  Fig.4. 
L e t  u s  begin  by c a l l i n g  a t o m  3 t h e  s p e c i f i e d ,  or "driving",  
d i p o l e ,  The d r i v e r  c o n t r o l s  t h e  i n s t a n t a n e o u s  magnitudes and 
p o s i t i o n s  of t h e  d i s t o r t i o n  d i p o l e s  of atoms 1 and 2 acco rd ing  
t o  t h e  r u l e s  ob ta ined  f o r  p a i r  i n t e r a c t i o n s .  I t  is obvious 
f r o m  F ig .4  t h a t  
1 = w  + 2e1 - 73 Y 
y2  = a2 - 2e2 - y3. 
T h e  1-3 p a i r  or t h e  2-3 p a i r  t aken  a l o n e  would g i v e  the  p rev ious  
p a i r  p o t e n t i a l  when t h e  dipole i n  3 w a s  r o t a t e d  through 2n. A 
nonadd i t ive  c o n t r i b u t i o n  arises from t h e  i n t e r a c t i o n  of t h e  
d i s t o r t i o n  d i p o l e s  i n  atoms 1 and 2,  and is 
w h e r e  t h e  average  over  y3 has  been performed, and t h e  phase 
a n g l e s  have been chosen t o  a s s u r e  t h a t  t h e  s i g n  a g r e e s  w i t h  t h e  
quantum-mechanical r e s u l t  f o r  a t r i a n g u l a r  c o n f i g u r a t i o n .  
S i m i l a r  r e s u l t s  can be ob ta ined  by l e t t i n g  atoms 1 and 2 
i n  t u r n  become t h e  d r i v e r s ,  and s i n c e  
1 
A 'rep = 5 (AT,, + A 9 1 3  + Ac~23) , 
we o b t a i n  t h e  f i n a l  r e s u l t ,  
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-3 C O S  2Q2 + f12f13R23 -3 cos 2e1) cos 2Q3 + f i2f23R13 -3 ' 'prep - -   1 (f13f23R12 
9 
(26) 
-3) 9 -3 -3 'Prep (* 12R12 -!- f13R13 + f23R23 
= f (R. .). For e q u i l a t e r a l  t r i a n g l e s  Eq. (26) r educes  t o  
where f i j  1J 
' q r e  
''prep 
= - $J f ( R ) .  
T h i s  is of t h e  s a m e  s i g n  and magnitude as t h e  co r re spond ing  r e s u l t  
f o r  t h e  Gaussian model, a l t hough  t h e  R dependence is somewhat 
d i f f e r e n t .  
The shape dependence of Acp /C 'prep f o r  t h e  d i s t o r t i o n  
r e p  
model is conven ien t ly  i l l u s t r a t e d  by p i c k i n g  a n  isosceles t r i a n g l e  
c o n f i g u r a t i o n  and u s i n g  t h e  12-6 mode l  f o r  t h e  p a i r  p o t e n t i a l .  The 
r e s u l t  is 
9 
"re = r e p  ( n ) g  
where R is t h e  l e n g t h  of one of t h e  e q u a l  s i d e s ,  8 is t h e  a n g l e  
between t h e s e  s i d e s ,  and 
. (29) 1 (2 s i n  COS 28 - 2  ( s i n  4 8  cas8 
+ 2  -12 
g ( e )  = 
(2  s i n  4 e )  
T h i s  f u n c t i o n  is shown i n  F ig .5 ,  w h e r e  it c a n  be s e e n  t h a t  t h e  r e s u l t  
is i n  q u a l i t a t i v e  agreement w i t h  t h e  quantum-mechanical c a l c u l a t i o n s  
of Rosen and t h e  Gaussian-model c a l c u l a t i o n s  of Jansen  (shown i n  
. 16 
F ig .1 ) .  A t  60 deg  t h e  n o n a d d i t i v i t y  is n e g a t i v e  and t h e  t o t a l  
r e p u l s i o n  is therefore smaller than  t h e  sum of t h e  p a i r  p o t e n t i a l s .  
A t  180 deg, on t h e  other hand,  t h e  n o n a d d i t i v i t y  is p o s i t i v e  
and t h e  t o t a l  r e p u l s i o n  is g r e a t e r  t h a n  t h e  p a i r w i s e  sum. 
O t h e r  p r o p e r t i e s  of t h e  d i s t o r t i o n  model have a l r e a d y  
been d i s c u s s e d  i n  connec t ion  w i t h  Table I. W e  now have t w o  
r e a s o n a b l e  models for  A cp t h e  Gaussian and t h e  d i s t o r t i o n  
models, and can  t u r n  t o  an  examinat ion of t h e  effect of non- 
a d d i t i v i t y  on t h e  t h i r d  v i r i a l  c o e f f i c i e n t .  
rep '  
111. NONADDITIVE CONTRIBUTIONS TO THE CLASSICAL 
THIRD VIRIAL COEFFICIENT 
The t h i r d  v i r i a l  c o e f f i c i e n t  of g a s e s  is of p a r t i c u l a r  
i n t e r e s t  because i t  invo lves  t h e  i n t e r a c t i o n  of p r e c i s e l y  three 
molecules .  The c o e f f i c i e n t  c a n  be f o r m a l l y  w r i t t e n  as t h e  sum 
of t w o  t e r m s ,  C = Cadd + AC, where  Cadd is t h e  v a l u e  c a l c u l a t e d  
under t h e  assumption of a d d i t i v i t y  of p a i r  p o t e n t i a l s ,  and A C  
is t h e  c o r r e c t i o n  due t o  n o n a d d i t i v i t y ,  g iven  by 
AC = -(8n2No2 /3) JJexp ( -cq ij/kT) x 
where  No is Avogadro's number. I f A q  and hence A C  are n o t  too 
l a r g e ,  it is p o s s i b l e  t o  s p l i t  AC i n t o  d i s p e r s i o n  and r e p u l s i o n  
components by a two-variable  Taylor series expans ion  i n  t h e  
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pa rame te r s  c h a r a c t e r i z i n g  t h e  s t r e n g t h s  of t h e  nonadd i t ive  
components of A T .  
d i s p e r s i o n  and (E*)' = (€o/e2)' fo r  t h e  Gaussian-model r e p u l s i o n .  
The d i s to r t ion -mode l  r e p u l s i o n  has no s t r e n g t h  parameter ,  b u t  a 
dummy parameter c a n  be i n s e r t e d  and later set e q u a l  t o  u n i t y .  
These  parameters  are a* = a/03 f o r  t h e  
This  parameter  can  s t i l l  be denoted as (E * '  ) . Keeping only  t h e  
first t w o  non-vanishing terms of t h e  Taylor  expansion,  w e  o b t a i n  
3 where bo = 27TNoa /3, and it is understood t h a t  t h e  d e r i v a t i v e s  
are t o  be  e v a l u a t e d  a t  a* = 0 ,  E* = 0 .  
Values of a* and .E* f o r  t h e  rare gases  are g iven  in 
Table 11. Since  they  are small, it is expec ted  t h a t  Eq.(31) 
w i l l  be a c c u r a t e .  T h i s  e x p e c t a t i o n  is confirmed by t h e  r e s u l t s  
e x h i b i t e d  i n  Table  111, w h e r e  A C *  c a l c u l a t e d  by E q . ( 3 1 )  is 
compared w i t h  AC* c a l c u l a t e d  by t h e  f u l l  i n t e g r a l  of Eq. (30) 
f o r  some t y p i c a l  v a l u e s  of a* and E*. 
are correct w i t h i n  5% f o r  t h e  12-6 p o t e n t i a l  and w i t h i n  8% f o r  
t h e  9-6 p o t e n t i a l .  
The r e s u l t s  f r o m  Eq.(31) 
A. Dispe r s ion  N o n a d d i t i v i t y  
The long-range nonadd i t ive  d i s p e r s i o n  c o n t r i b u t i o n  h a s  
6-8 
p r e v i o u s l y  been c a l c u l a t e d  f o r  bo th  t h e  12-6 andm-6 p o t e n t i a l s .  
W e  now compute t h e  s a m e  q u a n t i t y  fo r  t h e  9-6 p o t e n t i a l .  The 
nonadd i t ive  d i s p e r s i o n  d e r i v a t i v e  for  t h e  9-6 p o t e n t i a l  can  be 
* +  
w r i t t e n  as 
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(32) -2 * -4 (R ) x ( 1 +  3 cos 0 cas ex cos ey)  (xy) dxdydR*, 
* = cp (Rij)/E , T*= kT/E, and t h e  i n t e g r a t i o n  v a r i a b l e s  
where 'ij 
i n  Eq.(30) have been r e p l a c e d  by 
xR* = R12/u , 
yR* = R13/o , 
R* = R23/o . 
The l i m i t s  of i n t e g r a t i o n  are as shown i n  Fig.6.  
The i n t e g r a l  i n  Eq. (32) h a s  been e v a l u a t e d  numer i ca l ly  
by a computer program analogous  t o  t h a t  used earlier f o r  t h e  
12-6 p o t e n t i a l . *  
Table IV, and are e s t i m a t e d  t o  be a c c u r a t e  w i t h i n  0.2% w i t h  
r e s p e c t  t o  errors of t r u n c a t i o n  and i n t e r v a l  size.  The r e s u l t s  
are s i m i l a r  t o  t h o s e  a l r e a d y  noted for t h e  12-6 andm-6 
p o t e n t i a l s - t h e  d i s p e r s i o n  d e r i v a t i v e  is always p o s i t i v e  and 
d e c r e a s e s  wi th  i n c r e a s i n g  temperature .  
The numer ica l  r e s u l t s  are t a b u l a t e d  i n  
B. Repuls ion Nonadd i t iv i ty  
For an  n-6 p o t e n t i a l  t h e  n o n a d d i t i v e  r e p u l s i o n  d e r i v a t i v e  
c a n  be w r i t t e n  as 
0 
x gn (x,  y , R*) x y  (R*> dxdydR*. 
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I 
(33) I 
The s h a p e  f u n c t i o n  gn w i l l  v a r y  accord ing  t o  which model is 
chosen for t h e  r e p u l s i o n  n o n a d d i t i v i t y .  For t h e  Gaussian model 
w e  have 
w i t h  
2 2 1  = x + y - z ,  2 'dl (23) 
= x + 1 - l y 2 ,  2 
2d2 (13) 2 
2 1 x2 = l + y  - 2  2d3 (12) 
For  t h e  d i s t o r t i o n  model w e  have 
cos 26 6- n cos 2 e X + x  
gn = B,(xY)-~ (R Y 
cos 26 , 1 6-n + b y )  (3 5) 
w i t h  
Bg = 3/4 , B12 = 4/9 . 
An examinat ion of gn f o r  t h e  Gaussian model s u g g e s t s  
d i f f i c u l t i e s  i n  t w o  l i m i t i n g  c o n d i t i o n s :  fo r  x + O  where x - l  + m ,  
and for x -f 1/2 where d -1 1(23)  - 0 3 .  The l i m i t  x - - t o  t u r n s  o u t  
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n o t  t o  be t roublesome,  however, s i n c e  t h i s  cor responds  t o  a 
s m a l l  s e p a r a t i o n  of two molecules and t h e  e x p o n e n t i a l  factor 
makes t h i s  r e g i o n  of phase space e s s e n t i a l l y  i n a c c e s s i b l e .  For 
x --t 0 bu t  xR*%l, i.e. l a r g e  R*, t h e  i n t e g r a n d  s t i l l  w i l l  be 
damped o u t  s i n c e  gn d i m i n i s h e s  r a p i d l y  w i t h  i n c r e a s i n g  R*. 
avoid  t h e  r e g i o n  nea r  x = 1 / 2  by t h e  a r b i t r a r y  d e v i c e  of s e t t i n g  
gn = 0 f o r  d1(231 < 0.4196, which  cor responds  t o  p i ck ing  8 < 100 deg  
for isosceles t r i a n g l e s  as w a s  shown by t h e  dashed cu rve  i n  Fig.1.  
I t  has a l r e a d y  been po in ted  o u t  i n  connec t ion  w i t h  F ig .1  t h a t  t h e  
behav io r  of ou r  approximate Gaussian model is unreasonable  f o r  
n e a r l y  l i n e a r  isosceles t r i a n g l e s ,  and t h a t  s o m e  k ind  of approx- 
imat ion  is necessa ry ,  W e  choose 100 deg as t h e  c u t o f f  a n g l e  
merely because t h i s  g i v e s  a r easonab le  approximation t o  t h e  
r e s u l t s  f o r  t h e  f u l l  Gaussian model. 
W e  
W e  have i n v e s t i g a t e d  the  effect of v a r y i n g  t h e  c u t o f f  
angle  between 90 and 110 deg, and t h e  r e s u l t s  are i n d i c a t e d  i n  
Table V. The v a r i a t i o n  i n  t h e  n o n a d d i t i v i t y  d e r i v a t i v e  r e l a t i v e  
t o  its v a l u e  a t  100 deg is about k 10% f o r  t h e  12-6 p o t e n t i a l  
and about  & 15% fo r  t h e  9-6 p o t e n t i a l ,  W e  regard a n  u n c e r t a i n t y  
of t h i s  amount as t o l e r a b l e ,  s i n c e  t h e  model i tself  is s u b j e c t  
t o  t h e  p o s s i b i l i t y  of a l a r g e r  e r r o r ,  even f o r  n e a r l y  e q u i l a t e r a l  
t r i a n g l e s  . 
The c a l c u l a t e d  v a l u e s  of t h e  nonadd i t ive  r e p u l s i o n  
d e r i v a t i v e  are t abu la t ed  i n  Table V I  f o r  t h e  Gaussian and d i s -  
t o r t i o n  models w i t h  t h e  9-6 and 12-6 p o t e n t i a l s .  T runca t ion  
and i n t e r v a l  size errors are es t imated  t o  be less t h a n  a few 
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t e n t h s  of one p e r c e n t .  The large d i f f e r e n c e s  i n  t h e  numer ica l  
v a l u e s  f o r  t h e  Gaussian and d i s t o r t i o n  models are on ly  a p p a r e n t ;  
t h e  v a l u e s  of (E*)* t o  be used i n  Eq . (31 )  are f o r m a l l y  u n i t y  fo r  
t h e  d i s t o r t i o n  model,  b u t  f o r  t h e  Gauss ian  model have v a l u e s  l i k e  
those g i v e n  i n  Table  11. Even a c u r s o r y  examinat ion  of t h e  r e s u l t s  
i n  Table  VI, and a comparison w i t h  those g iven  i n  Table  IV, 
shows t h a t  t h e  r e p u l s i o n  and d i s p e r s i o n  n o n a d d i t i v e  effects t end  
t o  c a n c e l  each o t h e r .  
IV. COMPARISON WITH EXPERIMENT 
It is conven ien t  t o  compare o u r  r e s u l t s  w i t h  one a n o t h e r  
and w i t h  exper iment  i n  t e r m s  of t h e  Boyle pa rame te r s ,  i n t roduced  
by  Kihara22  and f u r t h e r  d i s c u s s e d  by others .  23 Temperatures  
are measured i n  u n i t s  of TB, t h e  t empera tu re  a t  which t h e  second 
v i r i a l  c o e f f i c i e n t  B is zero, and volumes are measured i n  u n i t s  
of t h e  Boyle volume vB, 
VB =p) rn . 
For  a g i v e n  pair p o t e n t i a l ,  T 
cr , r e s p e c t i v e l y .  The p r o p o r t i o n a l i t y  c o n s t a n t s  TB and vB are 
d e f i n e d  as 
and vB are p r o p o r t i o n a l  t o  E and B 
3 * * 
TB* = kTB/E (37) 
and are l isted i n  Table  VI1 f o r  t h e  9-6, 12-6, and 00-6 poten- 
t ials. 
22 
For any p a r t i c u l a r  subs t ance  t h e  Boyle t empera tu re  and 
volume are independent  of any assumed p o t e n t i a l  m o d e l ,  and are 
o b t a i n a b l e  i n  p r i n c i p l e  from expe r imen ta l  measurements i n  t h e  
v i c i n i t y  of t h e  Boyle p o i n t .  S i n c e  such  measurements are seldom 
a v a i l a b l e ,  an  a l t e r n a t i v e  procedure  is t o  f i t  e x p e r i m e n t a l  second 
v i r i a l  c o e f f i c i e n t  data t o  a n  assumed p o t e n t i a l  and t h e n  compute 
T and vB f r o m  t h e  e m p i r i c a l  parameters of t h e  p o t e n t i a l .  
r e s u l t s  of t h i s  p rocedure  are not independent  of  t h e  assumed 
The B 
p o t e n t i a l ,  b u t  are n e a r l y  s o  i f  t h e  p o t e n t i a l  is s u f f i c i e n t l y  
f l e x i b l e  t o  r e p r e s e n t  t h e  data a c c u r a t e l y .  The Kihara core 
p o t e n t i a l 2 2  is u s u a l l y  a n  adequate  choice f o r  t h i s  purpose ,  and 
* i n  Tab le  VI11 are g iven  t h e  v a l u e s  of TB 
spherical core sizes.  F r o m  these r e s u l t s  i t  is p o s s i b l e  t o  
o b t a i n  t h e  v a l u e s  of t h e  Boyle p o i n t  p r o p e r t i e s  of t h e  rare g a s e s  
and vB* for v a r i o u s  
g i v e n  i n  Tab le  I X .  These are i n  good agreement w i t h  v a l u e s  g iven  
p r e v i o u s l y .  22y23b I t  is of some i n t e r e s t  t o  report  t h a t  t h e  use  
of t h e  square-wel l  p o t e n t i a l  instead of t h e  K i h a r a  core p o t e n t i a l  
g ives  agreement w i t h  t h e  v a l u e s  of Table  I X  t o  w i t h i n  1% for a l l  
gases except k ryp ton ,  for  w h i c h  t h e  v a l u e  of vB d i f f e r s  by 2%. 
The f o r e g o i n g  r e s u l t s  have been used i n  drawing Fig.7, 
where t h e  e x p e r i m e n t a l  t h i r d  v i r i a l  c o e f f i c i e n t s  of t h e  heavy 
rare gases (reduced by vg2) are shown as a f u n c t i o n  of T/TB, 
together  w i t h  t h e  c u r v e s  c a l c u l a t e d  f o r  t h e  9-6, 12-6, and m - . 6  
p o t e n t i a l s  on t h e  assumpt ion  of p a i r w i s e  a d d i t i v i t y .  I t  is clear 
f r o m  t h i s  f i g u r e  t h a t  t h e  lower- temperature  measurements l i e  w e l l  
above t h e  c a l c u l a t e d  two-body c u r v e s ;  t h i s  is e s p e c i a l l y  t r u e  f o r  
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t h e  03-6 p o t e n t i a l ,  w h i c h  a lso g i v e s  a poore r  r e p r e s e n t a t i o n  of 
second v i r i a l  c o e f f i c i e n t s  t h a n  t h e  9-6 o r  12-6 p o t e n t i a l s .  From 
these r e s u l t s  w e  conclude  t h a t  n o n a d d i t i v i t y  c o r r e c t i o n s  are 
necessa ry .  
It is less clear t h a t  o t h e r  f e a t u r e s  shown i n  Fig.7 are 
real effects which  cannot  be a t t r i b u t e d  t o  expe r imen ta l  error. 
Perhaps  t h e  m o s t  obvious of these is t h e  greater s t e e p n e s s  of 
t h e  xenon data, b u t  it would t a k e  on ly  a 9% decrease i n  vB t o  
p u t  t h e  xenon data i n t o  s e n s i b l e  agreement w i t h  t h e  other gases. 
I n  t h i s  connec t ion  it is worth ment ioning  t h a t  expe r imen ta l  v i r i a l  
c o e f f i c i e n t s  are u s u a l l y  obtained f r o m  gas c o m p r e s s i b i l i t y  
measurements by f i t t i n g  a polynomial i n  t h e  d e n s i t y  t o  a 
p r e s s u r e - d e n s i t y  isotherm.  The t h i r d  v i r i a l  c o e f f i c i e n t  is 
t h e n  the l i m i t i n g  c u r v a t u r e  of t h e  i so therm,  and t o  expec t  a n  
accu racy  of even & 5% i n  C(T) is perhaps  o p t i m i s t i c ,  even f o r  t h e  
most p r e c i s e  c o m p r e s s i b i l i t y  measurements. 
* 
To c a l c u l a t e  nonadd i t ive  c o r r e c t i o n s  w e  need v a l u e s  of  a 
and E*; these have a l r e a d y  been g i v e n  i n  Tab le  11, as o b t a i n e d  
f r o m  12-6 p o t e n t i a l  pa rame te r s .  A p lo t  of these v a l u e s  is g i v e n  
i n  Fig.8, where it c a n  be s e e n  t h a t  ( E * ) #  is approximate ly  
p r o p o r t i o n a l  t o  a*, 
w i t h  K C 1 . 3 .  A r e l a t i o n  of t h i s  s o r t  is t o  be expec ted  f r o m  
t h e  t h e o r y  of t h e  two-body d i s p e r s i o n  energy  and t h e  d e f i n i t i o n  
of E*  = Ea/e . According t o  t h e  s i m p l i f i e d  London t h e o r y ,  t h e  2 
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21 d i s p e r s i o n  coeff ic ient  is 
c = 4€U % 3  a2 I, 4 
where I is t h e  atomic i o n i z a t i o n  energy .  
and t h a t  f o r  €* w e  f i n d  
K S z  1 ( 3 I O / e  2 3  ) , 
(39) 
From t h i s  e x p r e s s i o n  
which is indeed  n e a r l y  a c o n s t a n t ,  a l t hough  somewhat less t h a n  
1.3. 
If t h e  v a l u e s  of a* and E* g iven  i n  Table  I1 are even 
rough ly  c o r r e c t ,  t h e n  d e v i a t i o n s  from t h e  p r i n c i p l e  of correspond-  
i n g  states, s u c h  as sugges t ed  by t h e  data i n  Fig.7, are n o t  
unexpected.  However, f o r  t h e  sake  of s i m p l i c i t y ,  and because  
ou r  n o n a d d i t i v i t y  model is o n l y  approximate, w e  have based our  
numer i ca l  c a l c u l a t i o n s  on a = 0.05, which is t h e  ave rage  v a l u e  
for a rgon ,  k ryp ton ,  and xenon. 
a c c o r d i n g  t o  Eq. (38) .  
* 
T h i s  c h o i c e  implies  (E*)' = 0.065, 
There is no r e a s o n  t o  expec t  t h e  n o n a d d i t i v i t y  parameters 
f o r  t h e  9-6 andm-6 p o t e n t i a l s  t o  be t h e  s a m e  as t h o s e  f o r  t h e  
12-6 p o t e n t i a l ,  any more t h a n  t h e  two-body p o t e n t i a l  parameters 
are t h e  same. I t  is n o t  ha rd  t o  f i n d  a r e l a t i o n  among them, 
however, by matching t h e  second v i r i a l  c o e f f i c i e n t  c u r v e s  a t  
t h e  Boyle p o i n t  and u s i n g  t h e  r e s u l t s  of  Table V I I ,  t o  y i e l d  
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and 
(E*)' = o.g(E*)' = 0.0585. 
9-6 12-6 
W e  have t a k e n  (€*I = 0, s i n c e  w e  do no t  w i s h  t o  make non- 
a d d i t i v i t y  c o r r e c t i o n s  t o  a r i g i d  s p h e r e  r e p u l s i o n .  
m - 6  
R e s u l t s  for  t h e  9-6 p o t e n t i a l  are shown i n  Fig.9.  The 
d i s p e r s i o n  n o n a d d i t i v i t y  c o r r e c t i o n  a l o n e  raises t h e  c a l c u l a t e d  
c u r v e  s u b s t a n t i a l l y  above t h e  exper imenta l  measurements. The 
r e p u l s i o n  n o n a d d i t i v i t y  c o r r e c t i o n  lowers  t h e  c a l c u l a t e d  curve ,  
b u t  dominates  over  t h e  d i s p e r s i o n  c o r r e c t i o n  t o  such an  e x t e n t  
t h a t  t h e  f i n a l  c o r r e c t e d  c u r v e  lies below t h e  uncor rec t ed  
p a i r w i s e  a d d i t i v e  cu rve ,  and is i n  poorer  agreement w i t h  
exper iment .  Both t h e  Gaussian and t h e  d i s t o r t i o n  models g i v e  
e s s e n t i a l l y  the  s a m e  r e s u l t  f o r  t h e  r e p u l s i v e  n o n a d d i t i v i t y  
c o r r e c t i o n .  
R e s u l t s  f o r  t h e  12-6 p o t e n t i a l  are shown i n  Fig.10, 
and d i f f e r  conspicuous ly  from t h e  9-6 r e s u l t s .  Again t h e  
Gauss ian  and d i s t o r t i o n  models g i v e  agreement on t h e  r e p u l s i o n  
n o n a d d i t i v i t y  c o r r e c t i o n ,  and aga in  t h e  d i s p e r s i o n  n o n a d d i t i v i t y  
c o r r e c t i o n  a l o n e  raises t h e  c a l c u l a t e d  cu rve  too much, but t h e  
n e t  n o n a d d i t i v i t y  correction f o r  bo th  d i s p e r s i o n  and r e p u l s i o n  
now g ives  a f i n a l  c o r r e c t e d  curve which  l i e s  above t h e  u n c o r r e c t e d  
pairwise a d d i t i v e  curve ,  and w h i c h  is i n  f a i r l y  good agreement 
w i t h  experiment .  
For  t h e  sake of completeness ,  r e s u l t s  f o r  t h e m - 6  poten- 
t i a l  are shown i n  Fig.11. I t  is clear t h a t  t h i s  p o t e n t i a l ,  
26 
w h i l e  s i m p l e  enough, is of only  marg ina l  v a l u e  i n  s t u d i e s  of 
empirical  p o t e n t i a l  energy  curves .  
V. CONCLUSIONS 
I n  t h i s  s t u d y  w e  have employed t w o  approximate  models 
f o r  t h e  n o n a d d i t i v i t y  of t h e  three-body r e p u l s i o n  p o t e n t i a l ,  
t o  s t u d y  t h e  effect of r e p u l s i o n  n o n a d d i t i v i t y  on t h e  t h i r d .  
-_-- 
--- 
v i r i a l  c o e f f i c i e n t .  The two m o d e l s  g i v e  s u r p r i s i n g l y  s i m i l a r  
r e s u l t s  f o r  t h e  t h i r d  v i r i a l  c o e f f i c i e n t .  Without a t t r i b u t i n g  
too much s i g n i f i c a n c e  t o  t h e  m o d e l s  themselves ,  w e  feel t h a t  
t h e  c a l c u l a t i o n s  j u s t i f y  two main conc lus ions :  
(1) "he c o r r e c t i o n  t o  t h e  t h i r d  v i r i a l  c o e f f i c i e n t  fo r  
r e p u l s i o n  n o n a d d i t i v i t y  is of o p p o s i t e  s i g n  b u t  comparable  
magnitude t o  t h a t  f o r  d i s p e r s i o n  n o n a d d i t i v i t y ,  and t h e  magnitude 
of t h e  n e t  c o r r e c t i o n  is of expe r imen ta l  s i g n i f i c a n c e .  
(2) The n o n a d d i t i v i t y  c o r r e c t i o n s  are s e n s i t i v e  t o  t h e  choice 
of t h e  pair p o t e n t i a l  model. 
The f o l l o w i n g  t h i r d  c o n c l u s i o n  is probably  a l s o  j u s t i f i e d :  
(3) The n o n a d d i t i v e  effects are m o s t  pronounced a t  l o w  
t e m p e r a t u r e s ;  a c c u r a t e  experimental v a l u e s  of C(T) i n  t h e  r e g i o n  
of t h e  maximum would consequent ly  be ve ry  h e l p f u l  i n  f u r t h e r i n g  
o u r  knowledge of  t h e  three-body forces. 
&om these c o n c l u s i o n s  s e v e r a l  i n f e r e n c e s  can  be drawn, 
as fo l lows :  
(1) N o  e x i s t i n g  models are c a p a b l e  of g i v i n g  re l iable  
in fo rma t ion  on three-body forces. 
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(2) Advances i n  our knowledge of three-body f o r c e s  are 
probably  c o n t i n g e n t  on improvements i n  our  knowledge of two-body 
f o r c e s ,  e s p e c i a l l y  r e p u l s i o n .  
(3) A t  p r e s e n t ,  approximate models can s e r v e  only  as 
g u i d e s  t o  t h e  d i r e c t i o n  a proper t h e o r y  shou ld  t ake .  
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Oscillator + 0.0041 + 0.013 + 0.020 
28 -. 
Table I .  Comparison of the r e l a t i v e  nonadditive 
energy for helium, argon, and xenon i n  an e q u i l a t e r a l  
conf igurat ion at R =  a . 
A'P,ep'z Trep 
~ 
Argon Xenon Mode 1 H e  1 ium 
- 0.0098 
- 0,0077 
- 0,0090 
- 0.0556 
- 0,0556 
Rosen 
Gaussian-12 
Gaussian-9 
Dis tort ion-12  
Dis tort ion-9  
- 
- 0 .031  
- 0.036 
- 0.056 
- 0.056 
- 
- 0.046 
- 0.054 
- 0.056 
- 0,056 
Table 11. Nonaddit ivity parameters for the rare gases, 
based on 12-6 p o t e n t i a l  parameters. 
I i I 
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0 .074  I 0.058 
I 
! 
I 1 
Reference 21. a 
Obtained by f i t t i n g  second v i r i a l  data: 
E l k  = 36.1°K, (3 = 2.774 51. 
A .  E.  Sherwood and J .  M .  Prausnitz,  J .  Chem. Phys. 41, 
429 (1964) . 
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Table 111. Comparison of t h e  f u l l  nonaddit iv i ty  
i n t e g r a l  for C* w i t h  t h e  der iva t ive  approximation of Eq. (31 ) .  
kT -
6 
0 . 5  
1 . 0  
2 . 0  
5 . 0  
10 .0  
12-6 p o t e n t i a l  
a*= 0 . 0 5 , ( ~ : * ) ~  = 0.065 
Integral  
4 .54  
0.433 
0 .115  
0.0311 
0.0116 
Eq. (31) 
4 .62  
0 .439  
0.117 
0.0321 
0.0112 
9-6 p o t e n t i a l  
a* = 0 . 0 4 5 , ( ~ * )  & 0.0585 
Integral  
-11 .96  
-0.553 
-0.0959 
-0.0344 
-0.0255 
Eq. (31) 
-11.00 
-0 .515  
-0.0879 
-0.0317 
-0.0240 
Table I V .  The nonaddit ive d i spers ion  d e r i v a t i v e  for the 9-6 
p o t e n t i a l .  
T* 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1-10 
1.15 
1-20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.60 
1.70 
1.80 
1.90 
2.00 
2.20 
2.40 
2.60 
2.80 
3.00 
3.20 
3-40 
3.60 
3-80 
4.00 
5.00 
6.00 
10.00 
100.00 
463,014 
283.428 
188.585 
133.708 
99.604 
77.164 
61,697 
50.620 
42.427 
36.200 
31.358 
27.515 
24.411 
21.867 
19.752 
17.974 
16.462 
15.165 
14.042 
13.062 
12.202 
10.764 
9.615 
8.679 
7.903 
7.252 
6.222 
5.446 
4.843 
4.362 
3.970 
3.644 
3.369 
3.135 
2,932 
2.755 
2.128 
1.745 
1.047 
0.157 
31 
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Table V.  E f f e c t  of var ia t ion  i n  c u t o f f  angle  on the  
v a l u e s  of the  repu l s ion  nonaddit iv i ty  d e r i v a t i v e  for t h e  
approximate Gaussian model. 
T* 
1 . 0  
5 . 0  
Cutoff 
ang le ,  d e g  
90 
100 
110 
90 
100 
110 
L 
9-6 
2 8 . 2  
3 2 . 9  
36 .8  
1 .77  
2 .18  
2 . 5 5  
12-6 
5 .09 
5 .65  
6 . 0 4  
0.355 
0 .413  
0.458 
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Table V I .  Nonadditive repulsion d e r i v a t i v e  for the  9-6 
and 12-6 p o t e n t i a l s .  
T* 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1 .‘OO 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.60 
1.70 
1.80 
1.90 
2.00 
2.20 
2.40 
2.60 
2.80 
3.00 
3.20 
3.40 
3.60 
3.80 
4.00 
5.00 
6.00 
10.00 
100.00 
~ ~- 
Approx. Gaussian Model 
9-6 
-544.242 
-328.646 
-215.754 
-150.991 - 111 . 083 
-85.045 
-67 , 246 
-54 . 600 
-45.322 
-38 . 325 
-32 , 924 
-28 . 669 
-25 . 257 
-22,479 
-20,185 
-18 . 269 
-16.650 
-15.269 
-14.080 
-13.049 
-12.148 
-10 , 654 
-9,472 
-8 . 518 
-7.734 
-7,081 
-6.058 
-5.299 
-4.715 
-4,254 
-3.882 
-3.575 
-3.318 
-3 . 100 
-2 . 912 
-2.750 
-2.179 
-1,836 
-1.216 
-0.369 
12-6 
-96.539 
-57.934 
-37,830 
-26.354 - 19 . 313 
-14.738 
-11.621 
-9.415 
-7,800 
-6.587 
-5.652 
-4.917 
-4.330 
-3.852 
-3.458 
-3.130 
-2.853 
-2.618 
-2.415 
-2.240 
-2.087 
-1.833 
-1,633 
-1.472 
-1.340 
-1.230 
-1.058 
-0.931 
-0,833 
-0,756 
-0.694 
-0.643 
-0 . 601 
-0.565 
-0.534 
-0.507 
-0,413 
-0,356 
-0.256 
-0 . 122 
D i s t o r t i o n  Model (E*= 1) 
9-6 
-29.182 - 17 . 663 
-11.623 
-8 . 153 
-6.013 
-4.615 
-3.658 
-2 . 977 
-2 . 477 
-2 . 100 
-1.808 
-1.579 
-1.394 
-1.244 
-1.120 
-1.016 
-0.928 
-0.853 
-0.788 
-0.732 
-0.683 
-0.602 
-0.538 
-0.486 
-0 . 443 
-0 . 407 
-0.351 
-0.310 
-0 . 278 
-0.252 
-0.232 
-0.215 
-0 . 201 
-0.189 
-0.179 
-0.170 
-0.138 
-0 . 119 
-0.085 
-0.039 
12-6 
-7.161 
-4.364 
-2.890 
-2.039 
-1.512 
-1.167 
-0.929 
-0.760 
-0.636 
-0.541 
-0.468 
-0.411 
-0.364 
-0.326 
-0.295 
-0,269 
-0.247 
-0.228 
-0.211 
-0.197 
-0.185 
-0.164 
-0.148 
-0 . 134 
-0.124 
-0.114 
-0 . 100 
-0 , 090 
-0,081 
-0.075 
-0.070 
-0 . 065 
-0,062 
-0.059 
-0,056 
-0.054 
-0.046 
-0.041 
-0.033 
-0.028 
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Table V I I .  Reduced Boyle temperatures and volumes 
for the  9-6, 12-6, andm -6 p o t e n t i a l s .  
a L.F .  Epstein and C.J. Hibbert, J. Chem. Phys. - 20,  
752(1952) . 
Reference 21, pp.1114-1115. 
A . E .  Sherwood and J.M. Prausnitz ,  J .  Chem. Phys. 
- 41,  429(1964) .  
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Table VIII. Reduced Boyle temperatures and volumes for 
I 
I t h e  Kihara core p o t e n t i a l .  
~ 
*a a * TB 
* 
€3 V 
0 ,  
0.025 
0.050 
0.075 
0.100 
0.125 
0.150 
0.175 
0 , 200 
0.225 
0.250 
0,275 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0 . 600 
0.650 
0.700 
0.750 
0.800 
0.850 
3.418 
3.265 
3.126 
2 , 998 
2.880 
2 , 772 
2,671 
2 . 578 
2,491 
2.410 
2.335 
2 , 264 
2.198 
2.077 
1 , 970 
1.874 
1.788 
1.711 
1.641 
1 . 577 
1 , 518 
1.464 
1,415 
1.369 
0.8112 
0.8255 
0.8391 
0.8523 
0.8649 
0.8771 
0.8888 
0 , 9002 
0.9112 
0.9219 
0.9323 
0.9424 
0.9522 
0.9711 
0.9892 
1.0065 
1,0231 
1.0392 
1.0546 
1.0697 
1.0842 
1.0984 
1.1123 
1.1258 
where a 2a The reduced core a* is defined as a*= - 
a is the  core rad ius .  
12-6 p o t e n t i a l ,  
a-2a ’ 
Note that  a*= 0 corresponds t o  a 
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Table I X .  Calculated Boyle po in t  proper t i e s  for the  
rare gases .  
Substance T,+OK) vB ( c c h o l e )  
N e  
A r  
Kr 
re 
123 
408 
576 
770 
~~ ~- 
21.8 
40.3 
49.0 
66.2 
F i g .  1 - E f f e c t  of conf igurat ion on t h e  first- 
order nonaddit ive repu l s ion  energy for 
t h e  one-electron Gaussian model and 
its asymptotic expansion, Eq.  ( 6 ) .  
r I I I I I I I I I I I 
6[ 4 
3 
-. 2 
-.4 
0.6 D I 
J I I I 1 I I I I I I I ,  
60 90 120 150 180 
I 
Fig. 2 - Comparison of d i f f e r e n t  c a l c u l a t i o n s  of 
the  f irs t -order  nonadditive repu l s ion  
energy for three  helium atoms i n  an 
equ i la tera l - t r iang le  conf igurat ion.  
The curve marked "overlap" comes from 
Eq. (10) ; t h e  curves marked "Gaussian-12" 
and "Gaussian-9" come f r o m  E q s .  (13a) and 
(13b) ; the  curves marked "distort ion-12" 
and "distort ion-9" come f r o m  Eq. (26).  
lo-' 
W 
lo-2 
c 1 1 1 I I I I I 1 
I m 0  1.2 I m 4  I .6 
Fig .  3 - Configuration of t w o  d i s t o r t i o n  d i p o l e s  
used to  c a l c u l a t e  the  repu l s ion  energy. 

Fig. 4 - Configuration of three  atoms and t h e i r  
instantaneous d i s t o r t i o n  d i p o l e s ,  chosen 
for t h e  c a l c u l a t i o n  of the  repuls ion 
nonaddit iv i ty .  

Fig .  5 - Configuration dependence of t h e  non- 
a d d i t i v e  repuls ion energy for t h e  
d i s t o r t i o n  model. 
D - 
m 
D 2 I m 
a 0 2  - .I 
a 0 4  = 
I) m 
60 90 I20 150 180 
Fig .  6 - Region of in tegrat ion  for t h e  t h i r d  
v i r i a l  c o e f f i c i e n t .  S o l i d  l i n e s  e n c l o s e  
the  reg ion  i n  which molecule 1 is re- 
s t r i c t e d  t o  move for a given separat ion R* 
of 2 and 3, c o n s i s t e n t  with x< y< 1. 

Fig.  7 - Reduced t h i r d  v i r i a l  c o e f f i c i e n t s  f o r  t h e  rare 
gases ,  and c a l c u l a t e d  two-body cu rves  for  t h e  
9-6, 12-6, and m -6 p o t e n t i a l s .  Experimental  
d a t a  from t h e  fo l lowing  sources .  
Neon, 0 :  A. Michels,  T. Wassenaar, and 
P. Louwerse, Physica - 26, 539(1960) . 
Argon, 0: A. Michels,  Hub. Wijker, and Hk. 
Wijker,  Physica - 15, 627(1949);  A 
Michels,  J.M.H. Leve l t ,  and 
W. de  Graaf f ,  Physica - 24, 659(1958). 
Krypton,A: J.A. Beat t ie ,  J.S. B r i e r l e y ,  and 
R.J. B a r r i a u l t ,  J. Chem. Phys. 3, 
1615(1952). 
Xenon, 0: J . A .  Bea t t ie ,  R . J .  B a r r i a u l t ,  and 
J .S.  B r i e r l e y ,  J. Chem. Phys. - 9  19 
1222 (1951) . 
Xenon, I: A. Michels,  T. Wassenaar, and P. 
Louwerse, Physica _. 20, 99(1954). 
. 
I I I I I I I I I I I I I 
u) - a 
F i g .  8 - Nonaddit iv i ty  parameters for t h e  rare 
gases ;  repuls ion,  (E*)# ,  as a funct ion  of 
d i s p e r s i o n ,  a*, based on 12-6 p o t e n t i a l  
parameters. 
.08 
.O 6 
(e*)2 .04 
.o 2 
I I I 1 I 
002 
a* 
.04 .O6 
F i g .  9 - Reduced t h i r d  v i r i a l  c o e f f i c i e n t  for the  9-6 
p o t e n t i a l .  
Curve 1: Pairwise a d d i t i v e  
Curve 2: 
Curve 3: 
Additive p l u s  d i spers ion  nonaddit iv i ty  
Additive p l u s  d i spers ion  nonaddit iv i ty  
p l u s  repuls ion nonaddit iv i ty  (Gaussian 
model) 
Additive p l u s  d i spers ion  nonaddit iv i ty  
p l u s  repuls ion nonaddit iv i ty  (d is -  
t o r t i o n  model) 
Curve 4: 
Experimental po in t s  as i n  Fig .  7 
Q) 
0 
F i g ,  10 - Reduced t h i r d  v i r i a l  c o e f f i c i e n t  for t h e  
12-6 p o t e n t i a l .  Labeling of curves and 
experimental p o i n t s  as  i n  F ig .9 ,  
1 1 I I 1 1 1 I 1 I 1 1 I 
0 0  a m 
I I I I I I I I I I I I I 
c\I a0 q - tD - 
.. 
Fig .  11 - Reduced t h i r d  v i r i a l  c o e f f i c i e n t  for the  
00 -6 p o t e n t i a l .  
Curve 1: Pairwise a d d i t i v e  
Curve 2: Additive p l u s  d i s p e r s i o n  non- 
add i t  i v i t y  
Experimental po in t s  as i n  F ig .  7 
I I 1 I 1 I I I I I I 1 
- 
0 
L 
e- 
t 
0) L a 3  a3 t o z a x x  n 
u) 
1 
o o a  
n 
8 
om 
1 I I I I I I I I I I I I 
00 * e e 
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